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Abstract
Let XΣ be a complete toric variety. The coherent-constructible correspondence κ of Fang et al. (2011)
[14] equates PerfT (XΣ) with a subcategory Shcc(MR;ΛΣ) of constructible sheaves on a vector space MR.
The microlocalization equivalence μ of Nadler and Zaslow (2009) [27] and Nadler (2009) [25] relates these
sheaves to a subcategory Fuk(T ∗MR;ΛΣ) of the Fukaya category of the cotangent T ∗MR. When XΣ is
nonsingular, taking the derived category yields an equivariant version of homological mirror symmetry,
DCohT (XΣ)∼= DFuk(T ∗MR;ΛΣ), which is an equivalence of triangulated tensor categories.
The nonequivariant coherent-constructible correspondence κ of Treumann (preprint) [33] embeds
Perf(XΣ) into a subcategory Shc(T ∨R ;ΛΣ) of constructible sheaves on a compact torus T ∨R . When XΣ is
nonsingular, the composition of κ and microlocalization yields a version of homological mirror symmetry,
DCoh(XΣ) ↪→ DFuk(T ∗TR;ΛΣ), which is a full embedding of triangulated tensor categories.
When XΣ is nonsingular and projective, the composition τ = μ ◦ κ is compatible with T-duality, in the
following sense. An equivariant ample line bundle L has a hermitian metric invariant under the real torus,
whose connection defines a family of flat line bundles over the real torus orbits. This data produces a T-dual
Lagrangian brane L on the universal cover T ∗MR of the dual real torus fibration. We prove L ∼= τ (L) in
Fuk(T ∗MR;ΛΣ). Thus, equivariant homological mirror symmetry is determined by T-duality.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper we derive equivariant and nonequivariant versions of the homological mirror
symmetry [21,22] for nonsingular complete toric varieties from the coherent-constructible corre-
spondence [14,33] and microlocalization [27,25]. The composition of the coherent-constructible
correspondence and microlocalization sends an equivariant (resp. nonequivariant) coherent sheaf
on the toric variety to an object in the Fukaya category of the cotangent bundle of a vector space
(resp. a compact torus).
For nonsingular projective toric varieties, the equivariant homological mirror symmetry is
determined by equivariant ample line bundles. We prove that the image of an equivariant ample
line bundle agrees up to isomorphism with the Lagrangian constructed by T-duality [30].
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In this paper, we work over C. Let XΣ be an n-dimensional complete toric variety defined by
a finite complete fan Σ ⊂NR. Then T ∼= (C∗)n acts on XΣ , and NR ∼= Rn can be identified with
the Lie algebra of the maximal compact subgroup TR ∼= U(1)n. Let MR = HomR(NR,R) ∼= Rn
be the dual real vector space of NR. Then the lattice M = Hom(TR,U(1)) ∼= Zn naturally sits
in MR, and the quotient T ∨R =MR/M is the dual torus of TR.
The first main theorem in this paper is the following:
Theorem 1. Let XΣ be a complete toric variety defined by a finite complete fan Σ ⊂ NR. Then
there is a quasi-equivalence of A∞ categories:
τ : PerfT (XΣ) ∼=−→ Fuk
(
T ∗MR;ΛΣ
)
. (1)
This functor intertwines the usual monoidal product on PerfT (XΣ) and a product structure 	 on
Fuk(T ∗MR;ΛΣ) up to a quasi-isomorphism.
In (1), PerfT (XΣ) is the dg category of equivariant perfect complexes on XΣ (see Section 2.2
for the precise definition), and Fuk(T ∗MR;ΛΣ) is a subcategory of the unwrapped Fukaya cat-
egory Fuk(T ∗MR) determined by the fan Σ (see Section 3 for the precise definition). As we
will explain in Section 3, Theorem 1 follows from the results in [14,27,25]. We use the results
in [25] to define the product 	 on Fuk(T ∗MR) (actually any cotangent bundle of a Lie group);
for cotangent fibers we have Tx1MR 	 Tx2MR = Tx1+x2MR. The monoidal product structure on
PerfT (XΣ) comes from the usual tensor product of vector bundles.
When X is nonsingular, taking H 0 of (1) yields the following:
Corollary 1 (Equivariant homological mirror symmetry of toric varieties). Let XΣ be a nonsin-
gular complete toric variety defined by a nonsingular finite complete fan Σ ⊂NR. (In particular,
XΣ is a compact complex manifold.) Then there is an equivalence of tensor triangulated cate-
gories:
H(τ) : DCohT (XΣ) ∼=−→ DFuk
(
T ∗MR;ΛΣ
)
. (2)
In (2), DCohT (XΣ) is the bounded derived category of equivariant coherent sheaves on XΣ .
The equivalence (2) preserves the tensor product, so it is a stronger equivalence than the equiv-
alence in the usual homological mirror symmetry. Note that we do not assume XΣ is projective
in Corollary 1, so a priori the other direction of homological mirror symmetry (involving the
Fukaya category of the toric variety) does not make sense.
Our second main theorem concerns the nonequivariant version of Theorem 1:
Theorem 2. Let XΣ be a complete toric variety defined by a finite complete fan Σ ⊂ NR. Then
there is a quasi-embedding of A∞ categories:
τ : Perf(XΣ)−→ Fuk
(
T ∗T ∨
R
;ΛΣ
)
. (3)
The functor τ intertwines the product 	 on Fuk(T ∗T ∨
R
;ΛΣ) and the usual monoidal product on
Perf(XΣ).
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precise definition), and Fuk(T ∗T ∨
R
;ΛΣ) is a subcategory of the unwrapped Fukaya category
Fuk(T ∗T ∨
R
) determined by the fan Σ (see Section 3 for the precise definition). The diamond
product 	 is similarly defined as in the equivariant case from the Lie group structure on T ∨
R
. As
we will explain in Section 3, Theorem 2 follows from the results in [33,27,25]. We conjecture
that (3) is a quasi-equivalence.
When X is nonsingular, taking H 0 of (3) yields the following:
Corollary 2 (Homological mirror symmetry for toric varieties). Let XΣ be a nonsingular com-
plete toric variety defined by a nonsingular finite complete fan Σ ⊂ NR. Then there is a full
embedding of tensor triangulated categories:
H 0(τ ) : DCoh(XΣ)−→ DFuk
(
T ∗T ∨
R
;ΛΣ
)
. (4)
In (4), DCoh(XΣ) is the bounded derived category of coherent sheaves on XΣ . We conjec-
ture that (4) is an equivalence. In Appendix C, we will comment on the relationships among
the Fukaya categories in Theorem 1, the physical/traditional mirror of toric varieties (Landau–
Ginzburg/Fukaya–Seidel category), and the relative Fukaya category in Abouzaid’s work [1,2],
when XΣ is a nonsingular projective toric variety.
Our third main theorem relates Theorem 1 to T-duality, the underlying geometric reason of
mirror symmetry [30]. When XΣ is nonsingular and projective, we perform an equivariant ver-
sion of T-duality: for any equivariant line bundle L
c with a TR-invariant hermitian metric h, we
construct a Lagrangian L
c,h ⊂ T ∗MR, which projects to a Lagrangian L
c,h ⊂ T ∗T ∨R . We prove
the following:
Theorem 3 (Equivariant homological mirror symmetry is T-duality). Let XΣ be a nonsingular
projective toric variety defined by a fan Σ ⊂NR. For any equivariant ample line bundle L
c with
an admissible1 hermitian metric h, the T-dual Lagrangian L
c,h (constructed in Section 4) is an
object in Fuk(T ∗MR;ΛΣ) and
L
c,h ∼= τ(L
c),
where τ is as in Theorem 1.
By Theorem B.2, when XΣ is nonsingular and projective, PerfT (XΣ) is generated by equiv-
ariant ample line bundles. Therefore equivariant homological mirror symmetry (2) is determined
by T-duality. Theorem 1 and Theorem 3 imply the following.
Corollary 3 (Subcategory generated by T-dual Lagrangians). Let XΣ be a nonsingular projec-
tive toric variety defined by a fan Σ ⊂ MR. Then Fuk(T ∗MR;ΛΣ) is generated by the T-dual
Lagrangians L
c,h of equivariant ample line bundles L
c on XΣ .
1 A hermitian metric h on an ample line bundle is admissible if it is real analytic, TR-invariant, and defines a unitary
connection whose curvature is a nondegenerate closed 2-form.
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P1 (p0),O
P1 (p∞) and OP1 (−2p0). By microlocalization [27], they correspond (up to shifts) to three constructible sheaves
on R: i(0,1)!C(0,1) , i(−1,0)!C(−1,0), and i(−2,0)∗C(−2,0) , respectively, where i is the inclusion of the indicated open
interval into MR ∼= R.
1.2. Simple example
The simple example of P1 = C∪ {∞} is instructive (see Fig. 1). The C∗ action is t : z → t · z.
Write z = ey+
√−1θ
, so θ ∈ S1 coordinatizes the real torus orbit. The divisors p0 = 0 and p∞ =
∞ span the equivariant Picard group. The equivariant line bundle OP1(ap0 + bp∞), a, b ∈ Z,
admits an S1-invariant hermitian metric h = |z|2b
(1+|z|2)a+b and associated connection 1-form A =
1√−1∂y loghdθ . On each real torus y = const, this connection has monodromy determined by the
value of γ = −∂y logh|y , a coordinate on the dual S1. Letting y vary determines a submanifold
L = {(y, γ ) | γ = −∂y logh} ⊂ R2. By the explicit form of h, we find γ = (a+b)e2y1+e2y − b. The
nonequivariant bundle is OP1(a + b), and note that keeping the sum a + b fixed and varying b
amounts to lattice translations in the universal cover R of the dual torus S1. Inverting equations,
we can write L as a graph over an interval over length |a + b| in R, which corresponds to a
constructible sheaf by [27].
1.3. Relation to the work of others
The present work is much related to results of several authors. Below are some comparisons;
further details are given in Appendix C.
Homological mirror symmetry for toric Fano varieties was conjectured by Kontsevich [22].
A physical proof of mirror symmetry was given by Hori and Vafa [18]. The mirror of a toric Fano
manifold is a Landau–Ginzburg model ((C∗)n,W) where the superpotential W : (C∗)n → C is
a holomorphic function. The homological mirror conjecture states (in one direction) that the
derived category of coherent sheaves on the toric Fano manifold is equivalent to the derived
Fukaya–Seidel category FS((C∗)n,W) of the Picard–Lefschetz fibration defined by W .
Seidel proves homological mirror symmetry for P2 in [28]. Auroux, Katzarkov and Orlov
prove it for weighted projective planes and their noncommutative deformations in [7], and for
(not necessarily toric) del Pezzo surfaces in [6]. Ueda proves it for toric del Pezzo surfaces [34];
Ueda and Yamazaki prove it for toric orbifolds of toric del Pezzo surfaces [35]. The coherent-
constructible correspondence was first observed by Bondal [8]; Bondal and Ruan announced a
proof of homological mirror symmetry for weighted projective spaces, generalizing the result
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structible sheaves and T-duality to study homological mirror symmetry for projective spaces [13].
Chan [9] studies the T-duality procedure for holomorphic line bundles on toric varieties, and gives
an explicit asymptotic condition at infinity for T-dual Lagrangians.
The version here is somewhat different, but conjecturally related (see Section C.2) and much
closer to Abouzaid’s work [1,2]. Torus equivariance is encoded in the Zn grading of morphisms
in various categories introduced in [2].
Recently, Subotic constructed a monoidal structure on the extended Fukaya category of any
Lagrangian torus fibration with a section [31].
We also mention some complementary work which studies the A-model for toric varieties
[11,15,16] and varieties with effective anticanonical divisors [5], and the relation to the Landau–
Ginzburg mirror—especially Chan and Leung [10], which employs similar T-duality reasoning.
1.4. Outline
Section 2 contains notation and conventions for categories, sheaves and toric varieties. In
Section 3, we derive Theorem 1 and Theorem 2. In Section 4, we perform an equivariant version
of the T-duality, and relate the resulting T-dual Lagrangians to classical objects in symplectic
geometry. In Section 5, we prove Theorem 3. Appendix A contains a brief review of analytic-
geometric categories and a proof of Proposition 5.6. We show that PerfT (X) is generated by
T -equivariant ample line bundles in Appendix B. We discuss the relation to the work of others
in Appendix C.
2. Notation and convention
2.1. Categories
Throughout, we consider dg and more generally A∞ categories. Unless otherwise stated, a
category C is assumed to be completed to its triangulated envelope. (Recall that dg and A∞
categories have canonical triangulated structures2 and completions3 [29].)
2.2. Schemes and coherent sheaves
All schemes that appear will be over C. If X is a scheme, then we let Qnaive denote the dg
category of bounded complexes of quasicoherent sheaves on X, and we let Q(X) denote the
localization of this category with respect to acyclic complexes (see [12] for localizations of dg
categories). If G is an algebraic group acting on X, we let QG(X)naive denote the dg category of
complexes of G-equivariant quasicoherent sheaves. We let QG(X) denote the localization of this
category with respect to acyclic complexes. We use Perf(X) ⊂ Q(X) and PerfG(X) ⊂ QG(X)
2 A triangle in an A∞ category C is distinguished if it induces a distinguished triangle in the cohomology category
H(C).
3 Here is a construction of the unique-up-to-isomorphism triangulated envelope. The Yoneda embedding Y : C →
mod(C) maps an object L of a category C to the A∞ right C-module homC(−,L). The functor Y is a quasi-embedding
of C into the triangulated category mod(C). Then the triangulated completion Tr(C) is the category of twisted complexes
of representable modules in mod(C).
B. Fang et al. / Advances in Mathematics 229 (2012) 1873–1911 1879to denote the full dg subcategories consisting of perfect objects—that is, objects which are quasi-
isomorphic to bounded complexes of vector bundles. If u : X → Y is a morphism of schemes,
we have natural dg functors u∗ : Q(X) → Q(Y ) and u∗ : Q(Y ) → Q(X). Note that the functor
u∗ carries Perf(Y ) to Perf(X). Suppose G and H are algebraic groups, X is a scheme with a
G-action, and Y is a scheme with an H -action. If a morphism u : X → Y is equivariant with
respect to a homomorphism of groups φ : G → H , then we will often abuse notation and write
u∗ and u∗ for the equivariant push-forward and pullback functors u∗ : QG(X) → QH (Y ) and
u∗ : QH (Y ) → QG(X).
2.3. Constructible and microlocal geometry
We refer to [20] for the microlocal theory of sheaves. If X is a topological space, let Sh(X)
denote the dg category of bounded chain complexes of sheaves of C-vector spaces on X, local-
ized with respect to acyclic complexes. If X is a real analytic manifold, Shc(X) denotes the full
subcategory of Sh(X) of objects whose cohomology sheaves are constructible with respect to
a real analytic Whitney stratification of X. If X is a (possibly noncompact) real analytic mani-
fold, then Shcc(X) ⊂ Shc(X) is the full subcategory of objects which have compact support. We
continue to use the phrase “sheaf” for an object of Shcc(X).
The standard constructible sheaf on a submanifold i : Y ↪→X is defined as the push-forward
of the constant sheaf on Y , i.e. i∗CY as an object in Shc(X). The Verdier duality functor D :
Sh◦c(X)→ Shc(X) takes i∗CY to the costandard constructible sheaf on X. We know D(i∗CY )=
i!D(CY )= i!ωY , where ωY = D(CY )= CY [dimY ].
We denote the singular support of a complex of sheaves F by SS(F )⊂ T ∗X. If X is a real an-
alytic manifold and Λ ⊂ T ∗X is an R>0-invariant Lagrangian subvariety, then Shc(X;Λ) (resp.
Shcc(X;Λ)) denotes the full subcategory of Shc(X) (resp. Shcc(X)) whose objects have singular
support in Λ.
2.4. Toric geometry
We refer to [17] for the theory of toric varieties. Let N ∼= Zn be a free abelian group, and let
Σ be a fan in N (or in NR = N ⊗ R) of strongly convex rational polyhedral cones. We do not
necessarily assume that Σ satisfies further conditions—e.g. that it is complete, or simplicial.
2.4.1. Notation
Given N and Σ , we fix the following standard notation:
• M := Hom(N,Z)=:N∨ is the dual lattice to N .
• NR and MR are the real vector spaces spanned by N and M , i.e. NR = N ⊗Z R and MR =
M ⊗Z R.
• XΣ is the complex toric variety associated to Σ . It is naturally equipped with an action of
the algebraic torus T =N ⊗C∗.
We also use:
• TR denotes the maximal compact subgroup of T . So TR ∼=NR/N ∼= U(1)n.
• Dually, T ∨ :=M ⊗C∗ and T ∨ ∼=MR/M is its maximal compact.R
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rays. Let vi ∈N be the generator of ρi , i.e. ρi ∩N = Z0vi .
• Let 〈 , 〉 :MR ×NR → R denote the natural pairing.
• Given a cone σ ∈Σ , let
σ∨ = {x ∈MR ∣∣ 〈x, y〉 0 for all y ∈NR}
be the dual cone, and define
σ⊥ = {x ∈MR ∣∣ 〈x, y〉 = 0 for all y ∈NR}.
If σ is a d-dimensional cone then σ⊥ ⊂MR is a codimension-d R-linear subspace.
2.4.2. Equivariant line bundles
Let Di be the (n− 1)-dimensional T orbit closure associated to ρi , so that Di is a T -divisor
of X. Any T -divisor D of X is of the form D
c =
∑r
i=1 ciDi , where 
c = (c1, . . . , cr ) ∈ Zr , and
any T -equivariant line bundle on X is of the form L
c = OXΣ (D
c). If L
c is ample then

c :=
{
m ∈MR
∣∣ 〈m,vi〉−ci, i = 1, . . . , r} (5)
is a convex polytope in MR.
2.4.3. Orbits
The T -orbits of XΣ can be described using the structure of the fan. Given a d-dimensional
cone τ ∈Σ , let τ⊥ be the (n− d)-dimensional subspace of MR defined by
τ⊥ = {m ∈MR ∣∣ 〈m,y〉 = 0 ∀y ∈ σ}.
Let Nτ be the rank d sublattice of N generated by τ ∩N , and let
N(τ)=N/Nτ , M(τ) = τ⊥ ∩M.
Then N(τ) and M(τ) are dual lattices of rank (n− d), and
Oτ = Hom
(
M(τ),C∗
)= SpecC[M(τ)]=N(τ)⊗C∗ ∼= (C∗)n−d
is a T -orbit in XΣ . The stabilizer of any point in Oτ is Tτ := Nτ ⊗ C∗ ∼= (C∗)d . In particular,
O{0} = Hom(M,C∗)=N ⊗C∗ = T ∼= (C∗)n.
We have a disjoint union of T -orbits:
XΣ =
⋃
τ∈Σ
Oτ , (6)
which is a T -equivariant stratification of XΣ . Let
Xτ = SpecC
[
τ∨ ∩M]∼= (C∗)n−d ×Cd
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formation retraction rτ : Xτ → Oτ . More explicitly, there exists a basis w1, . . . ,wd of Nτ such
that
τ = {r1w1 + · · · + rdwd | ri  0}.
Define
τ ◦ = {r1w1 + · · · + rdwd | ri > 0}.
Suppose that y ∈ Nτ ∩ τ ◦, so that y =∑dj=1 njwj where nj ∈ Z>0. Then the retraction rτ is
given by
rτ (p)= lim
t→−∞ e
ty · p.
Since T =O{0} is contained in Xτ for all τ ∈Σ , we have a surjective map rτ :O{0} →Oτ which
can be identified with the natural projection T → T/Tτ .
There is an inclusion j : R+ = {ey | y ∈ R} ↪→ C∗ = {ey | y ∈ C} = C∗ and a retraction
r : C∗ → R+ given by z → |z|. This induces inclusions
j :O+τ def= N(τ)⊗R+ ↪→Oτ =N(τ)⊗C∗
and retractions
r :Oτ =N(τ)⊗C∗ →O+τ =N(τ)⊗R+.
In particular, O+{0} ∼= (R+)n is the image of the inclusion exp : NR → T given by y → exp(y).
For each τ ∈Σ , we have a surjective map
r+τ :O+{0} ∼=
(
R+
)n →O+τ ∼= (R+)n−d .
Let
(XΣ)0 =
⋃
τ∈Σ
O+τ . (7)
Then we have an inclusion j : (XΣ)0 ↪→ XΣ and a retraction r : XΣ → (XΣ)0. The retrac-
tion r descends to a homeomorphism XΣ/TR ∼= (XΣ)0.
3. Homological mirror symmetry for toric varieties
In this section, we derive theorems relating the category of coherent (equivariant) sheaves
on XΣ to the Fukaya category on T ∗T ∨ (T ∗MR).R
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In this subsection, we briefly recall the results of [14,33]. The results in [14,33] hold for toric
varieties over an arbitrary commutative, Noetherian base ring R. Here we state the results for the
case R = C. We use the notation in Section 2.
Let XΣ be a toric variety defined by a complete fan Σ ⊂NR. We define
ΛΣ =
⋃
τ∈Σ
(
τ⊥ +M)× −τ ⊂MR ×NR = T ∗MR, (8)
where τ⊥ + M = {x + χ | x ∈ τ⊥, χ ∈ M}. Then ΛΣ is a Lagrangian subvariety of T ∗MR.
Let ΛΣ ⊂ T ∗T ∨R be the image of ΛΣ under the universal covering map T ∗MR = MR ×NR →
T ∗T ∨
R
= T ∨
R
×NR.
Theorem 3.1 (Equivariant coherent-constructible correspondence). (See [14].) Let XΣ be a
complete toric variety defined by a finite complete fan Σ ⊂NR. Then there is a quasi-equivalence
of monoidal dg categories
κ : PerfT (XΣ)−→ Shcc(MR;ΛΣ). (9)
The functor κ sends an equivariant ample line bundle L
c on XΣ to the costandard constructible
sheaf i!ω◦
c on MR, where ◦
c is the interior of the convex polytope 
c.
Theorem 3.2 (Nonequivariant coherent-constructible correspondence). (See [33].) There is a
quasi-embedding of monoidal dg categories:
κ : Perf(XΣ)−→ Shc
(
T ∨
R
;ΛΣ
) (10)
which makes the following square commute up to natural isomorphism:
PerfT (XΣ) κ
f
Shcc(MR;ΛΣ)
p!
Perf(XΣ) κ Shc(T ∨R ;ΛΣ)
(11)
where f forgets the equivariant structure, and p :MR → T ∨R =MR/M is the natural projection.
Remarks 3.3.
(1) The monoidal structures in Theorem 3.1 and Theorem 3.2 will be discussed in Section 3.4
below.
(2) In [14], κ is defined in terms of certain equivariant quasicoherent sheaves that arise naturally
in the ˇCech resolution.
(3) In [33], the third author proved that (10) is a quasi-equivalence when XΣ is a projective,
unimodular, zonotopal toric variety. We conjecture that (10) is a quasi-equivalence for any
complete toric variety.
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The Fukaya category of the cotangent T ∗X of a compact real analytic manifold X was defined
in [27] and equated with constructible sheaves on X in [27,25]. Here we review aspects most
relevant to the present case, including the role of infinity and of standard branes.
Let X be a real analytic manifold equipped with a Riemannian metric g. Let π : T ∗X → X
be the cotangent bundle of X. Define the closed unit disc bundle to be
D∗X = {(x, ξ) ∈ T ∗X ∣∣ ‖ξ‖ 1}⊂ T ∗X,
and define the unit sphere bundle to be
S∗X = {(x, ξ) ∈ T ∗X ∣∣ ‖ξ‖ = 1}= ∂(D∗X)⊂ T ∗X.
We may think of D∗X as a compactification T ∗X of T ∗X by the following compactification map
ι : T ∗X →D∗X,
(x, ξ) →
(
x,
ξ√
1 + ‖ξ‖2
)
(12)
and we can think of S∗X as T ∞X because it is the “infinity” part of T ∗X under this compactifi-
cation. If L is a Lagrangian submanifold of T ∗X we write L∞ for ι(L) ∩ S∗X, the part of L at
infinity in the fibers.
In the present case, MR is noncompact. This is only a minor complication, as we will require
all Lagrangian branes L to have compact horizontal support, i.e., π(L) is compact. Define the flat
metric g on T ∗MR =MR×NR by declaring a Z basis {e1, . . . , en} of N ⊂NR to be orthonormal,
and likewise for the dual basis {e∗1, . . . , e∗n} of M . Then π(L) is bounded. We require as well
that the usual other conditions of Lagrangian branes are satisfied: that is, L must be an exact
Lagrangian submanifold of T ∗MR; ι(L) is a C-set of D∗X4; and L is equipped with the data of
a vector bundle with flat connection, a brane structure and a tame perturbation (see [27]). Under
these conditions, morphisms are well defined for the following reason. If L = (L1, . . . ,Lk) is
a finite collection of Lagrangian objects with compact horizontal support, then there exists a
sublattice Ξ ⊂M of finite index d such that the union of the supports of the Li is contained in a
single fundamental domain: then all morphisms can be computed in the cotangent of the compact
torus MR/Ξ (a degree d cover of the torus T ∨R =MR/M) and lifted to T ∗MR =NR ×MR—see
[25, Section 5.3] for details.5 Holomorphicity is preserved by the lift since the quotient by Ξ is a
local isomorphism of the Kähler structure. The triangulated envelope of the Fukaya A∞-category
of all such branes is denoted by Fuk(T ∗MR).6
Let Λ ⊂ T ∗X be a conical Lagrangian subset. The A∞-category generated by Lagrangian
branes L with L∞ ⊂ Λ∞ is denoted by Fuk(T ∗X;Λ). Here we will mainly be concerned with
Fuk(T ∗MR;ΛΣ), where ΛΣ is given in (8).
4 See Section A.1 for a brief review of analytic-geometric categories, including definitions of C-sets and C-maps.
5 The condition of compact horizontal support can be dropped for a single given object, as one can define the Yoneda
image by analyzing hom’s against objects with compact horizontal support—see [26].
6 The triangulated envelope of any A∞-category is unique up to an exact quasi-equivalence.
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Recall that if i : Y ↪→X is the inclusion of an analytic submanifold in a compact, real analytic
manifold X then i∗CY is the standard object in Shc(X) associated to Y , and under microlocal-
ization, the standard brane μ(i∗CY ) is defined by the standard Lagrangian LY,∗ ⊂ T ∗X given
by the fiberwise sum
LY,∗ = T ∗Y X + Γdf ,
where f = logm and m is a nonnegative C-function m : X → R that vanishes precisely on the
boundary ∂Y ⊂ X. Here T ∗Y X is the conormal bundle of Y in X, and Γdf ⊂ T ∗Y ∼= T ∗X/T ∗Y X
is the graph of df . There is a canonical brane structure on this Lagrangian (Section 5.3 of [27]).
Let LY,m,∗ denote the standard Lagrangian defined by a particular choice of m. Two different
choices m1, m2 give rise to isomorphic objects: LY,m1,∗ ∼= LY,m2,∗ as objects in Fuk(T ∗X).
Let α be a diffeomorphism on MR ×NR given by α(x, y)= (x,−y). A costandard brane (co-
standard Lagrangian) L is a brane (Lagrangian) such that α(L) is a standard brane (Lagrangian).
Microlocalization μ also takes the costandard constructible sheaf i!ωY to the costandard brane
LY,! := T ∗Y X − Γdf . We summarize these results as a theorem.
Theorem 3.4. (See [27,25].) There is a quasi-equivalence of A∞-categories
μ : Shcc(MR;ΛΣ)→ Fuk
(
T ∗MR;ΛΣ
)
.
For any analytic submanifold Y ⊂ MR, μ takes the standard constructible sheaf i∗CY to the
standard brane LY,∗ of Y , and takes the costandard constructible sheaf i!(ωY ) to the costandard
brane LY,!. The functor μ admits a quasi-inverse μ−1 : Fuk(T ∗MR;ΛΣ)→ Shcc(MR;ΛΣ).
Similarly, we have a quasi-equivalence of A∞-categories
μ : Shc
(
T ∨
R
;ΛΣ
) ∼=−→ Fuk(T ∗T ∨
R
;ΛΣ
)
. (13)
3.4. Functoriality and monoidal structure
The functoriality of the functor κ is proven in [14]. We extend this functoriality involving the
Fukaya category. This is simply a combination of the results of [14] and of [25, Section 5].
We first review some general results in [25, Section 5]. Given two real analytic mani-
folds X0, X1, let p0 : X0 × X1 → X0 and p1 : X0 × X1 → X1 be projections. For a real
analytic manifold Y , let μY : Shc(Y ) → Fuk(T ∗Y) be the microlocalization functor, and let
αY : Fuk(T ∗Y)→ Fuk(T ∗Y)◦ be the brane duality functor (induced by multiplication by −1 on
cotangent vectors). Let
Y : Fuk
(
T ∗X1
)→ modl(T ∗X1)◦, P → homFuk(T ∗X1)(P,−)
be the Yoneda embedding for left A∞-modules over Fuk(T ∗X1).
An object K of Shc(X0 ×X1) defines a functor
ΦK! : Shc(X0)→ Shc(X1), F → p1!
(K ⊗ p∗0F). (14)
An object L of Fuk(T ∗X0 × T ∗X1) defines a functor
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(
T ∗X0
)→ mod(Fuk(T ∗X1))◦,
P → homFuk(T ∗X0×T ∗X1)
(
L,αX0(P )× −
)
. (15)
The following is a special case of [25, Proposition 5.3.1].
Theorem 3.5. Consider an object K of Shc(X0 ×X1), and its microlocalization L= μX0×X1(K).
Then there is a quasi-isomorphism
Y ◦μX1 ◦ΦK!  Ψ˜L! ◦μX0 .
Therefore the functor Ψ˜L! is represented by
ΨL! := μX1 ◦ΦK! ◦μ−1X0 : Fuk
(
T ∗X0
)→ Fuk(T ∗X1).
Example 3.6. Let v :X0 →X1 be a smooth map, and let
Γv =
{
(x0, x1) ∈X0 ×X1
∣∣ x1 = v(x0)}
be the graph of v. Let K = CΓv be the constant sheaf on Γv , and let Lv = μX1×X2(K). Then
ΦK! = v!, Lv  T ∗Γv (X0 ×X1)
where T ∗Γv (X0 ×X1) is the conormal bundle of Γv in X0 ×X1. Define ΨLv ! as in Theorem 3.5.
Then there is a quasi-isomorphism
ΨLv ! ◦μX0  μX1 ◦ v!. (16)
For two toric varieties X1 = XΣ1 and X2 = XΣ2 and a fan-preserving map f : N1 → N2, let
v :M2,R →M1,R and u :X1 →X2 be the induced map of vector spaces and varieties (see [14]).
As a special case of Example 3.6, define Lv := T ∗Γv (M2,R × M1,R), which is a Lagrangian sub-
space of T ∗M2,R × T ∗M1,R =MR,2 ×NR,2 ×MR,1 ×NR,1. Combining (16) with Theorem 3.5
and results in [14, Section 3], we come to a larger diagram:
Theorem 3.7. For two complete toric varieties X1 = XΣ1 and X2 = XΣ2 and a fan-preserving
map f : N1 → N2, where f is injective, and associated maps f ⊗ 1C∗ : T1 → T2, u : X1 → X2,
v :M2,R →M1,R, the following diagram commutes up to a quasi-isomorphism
PerfT2(X2)
u∗
κ2
Shcc(M2,R;ΛΣ2)
μM2,R
v!
Fuk(T ∗M2,R;ΛΣ2)
ΨLv !
PerfT1(X1) κ1 Shcc(M1,R;ΛΣ1) μM1,R Fuk(T
∗M1,R;ΛΣ1)
Example 3.8 (A product structure on the Fukaya category). This example is a special case of
Example 3.6.
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Lv is an object in Fuk(T ∗(G × G) × T ∗G) and defines a functor ΨLv ! : Fuk(T ∗G × T ∗G) →
Fuk(T ∗G). We define the product L1 	L2 of two objects L1 and L2 of Fuk(T ∗G) by the formula
L1 	L2 := ΨLv !(L1 ×L2). (17)
Proposition 3.9 (The microlocalization intertwines the product structures). Let G be a Lie group.
The microlocalization functor μG : Shcc(G) ∼→ Fuk(T ∗G) intertwines the monoidal product on
Shcc(G) given by the convolution, and the product structure on Fuk(T ∗G) given by the product 	
defined by (17), up to a quasi-isomorphism: i.e. the functors μG(− −) and μG(−)	μG(−) are
quasi-isomorphic in the category of A∞-functors from Shcc(G)× Shcc(G) to Fuk(T ∗G).
Proof. Recall that convolution product F1  F2 of two objects F1 and F2 of Shcc(G) is defined
by F1  F2 = v!(F1  F2). So
μG(F1  F2)= μG ◦ v!(F1  F2)∼= ΨLv ! ◦μG×G(F1  F2)
= ΨLv !
(
μG(F1)×μG(F2)
)= μG(F1) 	μG(F2). 
3.5. Equivariant and nonequivariant HMS for toric varieties
Let τ = μ ◦ κ and let τ = μ ◦ κ . Notice that the convolution product of costandard sheaves
i1!ω
c1 and i2!ω
c2 is i!ω
c1+
c2 , where c1 and c2 determine two equivariant ample line bundles
on XΣ , and i1, i2 and i are corresponding embeddings of polytopes. Since costandard sheaves
over convex polytopes of ample line bundles generate the category Shcc(MR;ΛΣ), as shown
in [14], the subcategory Shcc(MR;ΛΣ) of Shcc(MR;ΛΣ) is closed under the convolution prod-
uct. By results in [33], the subcategory Shc(T ∨R ,ΛΣ) of Shc(T ∨R ) is closed under the convolution
product. Combining Theorem 3.1, Theorem 3.2, Theorem 3.4, and Proposition 3.9, we obtain:
Theorem 3.10. Let XΣ be a complete toric variety defined by a finite complete fan Σ ⊂ NR.
Then there is a quasi-equivalence of A∞ categories
τ : PerfT (XΣ) ∼=−→ Fuk
(
T ∗MR;ΛΣ
)
. (18)
There is a quasi-embedding of A∞ categories
τ : Perf(XΣ)→ Fuk
(
T ∗T ∨
R
;ΛΣ
)
. (19)
The functors τ and τ intertwine the corresponding product structures in the Fukaya categories
and the monoidal products in the dg category of perfect sheaves. More precisely, there are quasi-
isomorphisms
τ(− ⊗ −)∼= τ(−) 	 τ(−), τ (− ⊗ −)∼= τ(−) 	 τ(−).
Let DCohT (XΣ) be the bounded derived category of T -equivariant coherent sheaves on XΣ ,
and let DCoh(XΣ) be the bounded derived category of coherent sheaves on XΣ . When XΣ is
nonsingular, we have DPerfT (XΣ) = DCohT (XΣ) and DPerf(XΣ) = DCoh(XΣ). Taking H 0
of (18) and (19), we obtain the following Corollary 3.11 and Corollary 3.12, respectively.
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singular complete toric variety defined by a finite nonsingular complete fan Σ ⊂NR. Then there
is an equivalence of tensor triangulated categories
H(τ) : DCohT (XΣ) ∼=−→ DFuk
(
T ∗MR;ΛΣ
)
. (20)
Corollary 3.12 (Homological mirror symmetry of toric varieties). Let XΣ be a nonsingular com-
plete toric variety defined by a finite nonsingular complete fan Σ ⊂ NR. There is an embedding
of tensor triangulated categories
H(τ) : DCoh(XΣ)−→ DFuk
(
T ∗T ∨
R
;ΛΣ
)
. (21)
We conjecture that (21) is an equivalence. This is proven for Σ a complete, unimodular hy-
perplane arrangement in [33].
4. T-duality
In this section, we perform an equivariant version of T-duality. Let XΣ be an n-dimensional
nonsingular projective toric variety (so that it is a compact toric manifold). Then T ∼= (C∗)n and
its maximal compact subgroup TR ∼= U(1)n acts on XΣ . From a T -equivariant line bundle L
c
on X together with a TR-invariant hermitian metric h, we construct a Lagrangian submanifold
L
c,h of T ∗MR. We relate L
c,h to classical objects in symplectic geometry.
4.1. Construction of the T-dual Lagrangian
Let X =XΣ be a smooth projective toric variety defined by a fan Σ ⊂NR, and let ρ1, . . . , ρr
be the 1-dimensional cones in Σ and D1, . . . ,Dr the associated T -divisors, as in Section 2.4.
There exists si ∈H 0(X,OX(Di)), unique up to multiplication by a constant scalar in C∗, such
that the zero locus of si is exactly Di .
X{0} =X \
r⋃
i=1
Di = SpecC[M] ∼=
(
C∗
)n
is the unique open orbit of the T -action.
The meromorphic section s
c :=
∏r
i=1 s
ci
i of L
c = OX(D
c) is defined up to multiplication by
a constant scalar in C∗. The restriction of s
c to X{0} is a holomorphic frame of L
c on the Zariski
open subset X{0} ⊂X.
We now choose a TR-invariant, real analytic hermitian metric h on L
c . Let ∇
c,h be the unique
connection on L
c determined by the holomorphic structure on L
c and the hermitian metric h. The
connection 1-form of ∇h with respect to the unitary frame s
c/‖s
c‖h of L
c|X{0} is the following
purely imaginary, real analytic 1-form
α = −2√−1 Im(∂ log‖s
c‖h).
Note that α is invariant if we replace s
c and h by λs
c and ρh respectively, where λ ∈ C∗ and
ρ ∈ (0,∞) are constants.
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point in X{0}). The universal cover of T can be canonically identified with N ⊗ C = NR ×NR.
Let {e1, . . . , en} be a Z-basis of the lattice N , and let {e∗1, . . . , e∗n} be a dual Z-basis of the dual
lattice M . A vector in N ⊗C is of the form∑nj=1 yj+√−1θj2π ej where yj , θj ∈ R. A vector in MR
is of the form
∑n
j=1
γj
2π e
∗
j , where γj ∈ R. Then yj +
√−1θj are complex coordinates on NC,
and γj , yj are Darboux coordinates on T ∗MR = MR ×NR. The symplectic form on MR ×NR
is
ω∨ =
n∑
j=1
dyj ∧ dγi
which descends to a symplectic form on (MR/M)×NR ∼= T ∗(T ∨R ). Note that M ⊂MR is given
by γj ∈ 2πZ and N ⊂ NR is given by θj ∈ 2πZ. Let rj = eyj , so that the coordinates on T are
eyj+
√−1θj = rj e
√−1θj , j = 1, . . . , n.
The function ‖s‖h is TR-invariant, so it depends on ri (yi ) but not on θi . We have
√−1α = 2 Im(∂ log‖s
c‖h)= Im
(
n∑
j=1
(
∂
∂rj
log‖s
c‖h
)
· (drj −
√−1rj dθj )
)
= −
n∑
j=1
(
∂
∂yj
log‖s
c‖h
)
dθj .
Let y = (y1, . . . , yn), and let f
c,h(y) = − log‖s
c‖h. Then f
c,h(y) is a real analytic function
in y, and
√−1α =
n∑
j=1
∂f
c,h
∂yj
(y) dθj . (22)
We now T-dualize following [3,23]. Specifically, the data of a Lagrangian section of the dual
torus fibration T ∨
R
× NR → NR (projection to the second factor) is equated with a TR-invariant
U(1)-connection on the torus fibration p2 : TR × NR → NR (projection to the second factor).
The restriction of α to a fiber p−12 (y)∼= TR is a harmonic 1-form on the torus p−12 (y), which can
be viewed as an element in H 1(TR;R)∼=MR, the universal cover of the dual torus T ∨R =MR/M
of TR. Let L
c,h ⊂ MR ×NR be the graph of the map NR → MR defined by y →
√−1α|
p−12 (y)
.
In terms of the coordinates γj on MR and yj on NR, L
c,h is given by
γj
2π
= ∂f
c,h
∂yj
(y), j = 1, . . . , n.
Since NR and MR are dual real vector spaces, we have MR ×NR ∼= T ∗NR ∼= T ∗MR. Moreover,
the canonical symplectic forms on T ∗NR and T ∗MR are
−ω∨ =
n∑
dγj ∧ dyj , ω∨ =
n∑
dyj ∧ dγj .
j=1 j=1
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c,h is the graph of dfh in T ∗NR, so
it is a real analytic Lagrangian submanifold of (T ∗NR,−ω∨) and of (T ∗MR,ω∨). Let L
c,h ⊂
T ∗T ∨
R
= (MR/M)×NR be the image of L
c,h under the projection MR ×NR → (MR/M)×NR.
Then L
c,h is a real analytic Lagrangian submanifold in T ∗T ∨R = T ∨R ×NR, and is the graph of a
map NR → T ∨R . Both L
c,h and L
c,h are diffeomorphic to NR ∼= Rn, so they are exact Lagrangian
submanifolds.
Suppose that D
c′ −D
c is a principal divisor. Then L
c′ and L
c are the same holomorphic line
bundle equipped with possibly different T -equivariant structures, so we may choose the same
hermitian metric h on L
c′ and on L
c. We have s
c′ = s
c
∏n
j=1 t
mj
j for some (m1, . . . ,mn) ∈ Zn,
so
f
c′,h = f
c,h −
n∑
j=1
mjyj ,
∂f
c′,h
∂yj
(y)= ∂f
c,h
∂yj
(y)−mj .
Therefore L
c′,h = L
c,h.
4.2. Relations with the equivariant first Chern form and the moment map
4.2.1. Equivariantly closed 2-forms and moment maps of presymplectic forms
We recall some definitions from [4] and [19].
The real vector space NR can be identified with the Lie algebra of the compact torus TR, with
a basis {e1, . . . , en}, and MR is the dual real vector space, with the dual basis {e∗1, . . . , e∗n}. Let
Xj be the vector field on X associated to ej ∈NR. An equivariant 2-form on X is of the form
ω# = ω +
n∑
j=1
φje
∗
j
where ω is a TR-invariant 2-form on X and φj are TR-invariant functions on X. An equivariant
2-form ω# is equivariantly closed if
dω = 0 (23)
and
iXj ω + dφj = 0, j = 1, . . . , n. (24)
In this case, the closed 2-form ω represents a cohomology class [ω] ∈H 2(X;R), and the equiv-
ariantly closed 2-form represents an equivariant cohomology class [ω#] ∈H 2T (X;R), and we say
ω# (resp. [ω#]) is an equivariant lifting of ω (resp. [ω]).
In the terminology of [19], (23) says that ω is a presymplectic form (which is by definition
a TR-invariant closed 2-form), and (24) says that Φ =∑nj=1 φje∗j : X → MR is a moment map
of the TR-action with respect to the presymplectic form ω. When ω is nondegenerate, ω is a
symplectic form, and Φ is a moment map of the TR-action on the symplectic manifold (X,ω).
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We now return to the construction in Section 4.1. Let Fh be the curvature 2-form of the
connection ∇h. Then
c1(L
c,∇h)=
√−1
2π
Fh
is a closed, real, TR-invariant, real analytic 2-form which represents the first Chern class
c1(L
c) ∈ H 2(X;R). The closed 2-form c1(L
c,∇h) is known as the first Chern form defined
by the connection ∇h; it depends on the underlying holomorphic line bundle and the hermitian
metric h, but not on the equivariant structure.
The section s
c determines an equivariant lifting c1(L
c,∇h, s
c) of the first Chern form
c1(L
c,∇h). More explicitly,
c1(L
c,∇h, s
c)= 12π
(√−1Fh + n∑
i=1
φj e
∗
j
)
where φ1, . . . , φn are TR-invariant, real-valued functions on X. On the open set X{0} ∼= (C∗)n,
we have Xj = ∂∂θj , and
√−1Fh =
√−1dα =
n∑
j=1
d
(
∂f
c,h
∂yj
)
∧ dθj , φj = ∂f
c,h
∂yj
(y).
The equivariantly closed 2-form c1(L
c,∇h, s
c) represents the equivariant first Chern class
(c1)T (L
c) ∈ H 2T (X;R); we call c1(L
c,∇h, s
c) the equivariant first Chern form defined by ∇h
and s
c.
4.2.3. The moment map
The real analytic map Φ
c,h =
∑n
j=1 φj e∗j : X → MR is a moment map of the presymplectic
form ωh :=
√−1Fh. On X{0} it is given by
Φ
c,h(y, θ)=
n∑
j=1
∂f
c,h
∂yj
(y)e∗j .
Define new coordinates xj = γj2π on MR, so that M ⊂ MR is given by xj ∈ Z. Then the T-dual
Lagrangian L
c,h constructed in Section 4.1 can be written as
L
c,h =
{
(x, y) ∈MR ×NR
∣∣ x =Φ
c,h ◦ j0(y)}
where j0 :NR →XΣ is a composition of inclusions:
NR
exp∼= N ⊗R+ ∼= (R+)n ↪→ (C∗)n ∼=N ⊗C∗ = T =XΣ − r⋃Di ↪→XΣ.
i=1
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Φ
c,h ◦ j0(NR)=Φh
(
XΣ −
r⋃
i=1
Di
)
.
The image of Φ
c,h :X →MR is a twisted polytope in the sense of [19].
4.3. T-dual Lagrangians of ample and anti-ample line bundles
When L
c is ample, we may choose h such that ωh is a symplectic form. Then Φ
c,h :X →MR
is the moment map of the TR-action on the symplectic manifold (X,ωh). The image of the
moment map Φ
c,h is the convex polytope 
c defined by (5). Note that the moment map Φ
c,h
depends on both 
c and h, but the moment polytope 
c = Φ
c,h(X) depends on 
c but not on h.
Φ
c,h restricts to a homeomorphism X0 → 
c , and Φh ◦ j0 : NR → MR maps NR diffeomor-
phically to ◦
c , the interior of the moment polytope 
c ⊂ MR. Let Ψ
c,h : NR → ◦
c be this
diffeomorphism. Then L
c,h can be rewritten as a graph over ◦
c :
L
c,h =
{(
x,Ψ−1
c,h (x)
) ∣∣ x ∈◦
c}⊂◦
c ×NR = T ∗◦
c ⊂ T ∗MR.
There exists a real analytic function f ∗
c,h :◦
c → R, unique up to addition of a constant r ∈ R,
such that Ψ−1
c,h (x)= df ∗
c,h(x). Indeed f ∗
c,h :◦
c → R can be chosen to be the Legendre transform
of fh :NR → R. More explicitly, let 〈 , 〉 :MR ×NR → R be the natural pairing. Then
f ∗
c,h(x)= sup
y∈NR
(〈x, y〉 − f
c,h(y)), x ∈◦
c . (25)
We now consider the equivariant anti-ample line bundle L−1
c = L−
c equipped with the
TR-invariant, real analytic hermitian metric h−1. Then Φ−
c,h−1 = −Φ
c,h, so
−
c :=Φ−
c,h−1(X)= −
c =
{
m ∈MR
∣∣ 〈m,vi〉 ci, i = 1, . . . , r},
and
L−
c,h−1 =
{(−Ψ
c,h(y), y) ∣∣ y ∈NR}= {(x,Ψ−1
c,h (−x)) ∣∣ x ∈◦−
c}.
Define a map β : MR ×NR → MR ×NR by β(x, y) = (−x, y). It is easy to see that L−
c,h−1 =
β(L
c,h).
5. T-dual Lagrangians as objects in the Fukaya category
The goal of this section is to prove Theorem 3. Let XΣ be a smooth projective toric variety
defined by a fan Σ ⊂ NR. Let L
c be an equivariant ample line bundle on XΣ , and let L
c,h
and L−
c,h−1 be as in Section 4.3. In Section 5.1, we prove that L
c,h and L−
c,h−1 are objects in
Fuk(T ∗MR;ΛΣ). In Section 5.2, we prove that (see Theorem 5.10)
L
c,h ∼= τ(L
c), L−
c,h−1 ∼= τ(L−
c), (26)
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5.1. T-dual Lagrangians are branes
In this section, we study the behavior of T-dual Lagrangians on the compactification D∗MR =
T ∗MR in the cotangent. We will show that Lagrangians L−
c,h from anti-ample line bundles
L−
c are branes (Proposition 5.7); as an immediate consequence, Lagrangians L
c,h from am-
ple line bundles L
c are also branes (Corollary 5.8). To prove a Lagrangian L is a brane of
Fuk(T ∗MR;ΛΣ), we need to establish that (1) L is tame, (2) L has a brane structure, (3) π(L)
is bounded, (4) L⊂ T ∗MR is a C-set, (5) L∞ ⊂Λ∞Σ .
Proposition 5.1 (T-dual Lagrangians are tame). Let L
c,h be the T-dual Lagrangian constructed
in Section 4.1. (We do not assume L
c is ample or anti-ample.) Then:
(1) there exists ρ > 0 such that for every p ∈ L
c,h−1 , the set of points p′ ∈ L
c,h−1 with d(p,p′) <
ρ is contractible;
(2) there exists a constant C = C(
c,h) such that
dL
c,h−1
(
p,p′
)
<Cd
(
p,p′
)
for all p,p′ ∈ L
c,h−1 , where d is the distance in T ∗MR and dL
c,h is the distance in L
c,h.
Therefore L
c,h is tame in the sense of [27].
Proof. The Lagrangian L
c,h is the graph of the map Φ
c,h ◦ j0 : NR → MR. We first show that
the first and second derivatives of Φ
c,h ◦ j0, i.e. ∂
2f
c,h
∂yi∂yj
and ∂
3f
c,h
∂yi∂yj ∂yl
are bounded for any i, j, l.
For each top dimensional cone Ck ∈ Σ , k = 1, . . . , v, the associated affine toric variety Uk ∼=
Cn is smooth since XΣ is a smooth projective toric variety. The coordinates in Uk are given by
zk,i = sk,i +
√−1tk,i = rk,i exp(
√−1θk,i)= exp(yk,i +
√−1θk,i).
Notice that the coordinates yk,i and yi differ by a linear change of basis. Fix a compact part
U ′k = {|zk,1|2 + · · · + |zk,n|2 M} ⊂Uk such that XΣ =
⋃v
k=1 U ′k . The 2-form
ωh =
n∑
i,j=1
∂2f
c,h
∂yk,i∂yk,j
dyk,i ∧ dθk,j =
n∑
i,j=1
∂2f
c,h
rk,irk,j ∂yk,i∂yk,j
rk,j drk,i ∧ dθk,j
=
n∑
i,j=1
cos(θk,i − θk,j ) · ∂
2f
c,h
rk,irk,j ∂yk,i∂yk,j
· (dsk,i ∧ dtk,j + dsk,j ∧ dtk,i)
+
n∑
sin(θk,i − θk,j ) · ∂
2f
c,h
rk,irk,j ∂yk,i∂yk,j
· (dsk,i ∧ dsk,j + dtk,i ∧ dtk,j ).i,j=1
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dtk,i ∧ dtk,j ), and we know that ak,ij and bk,ij are bounded in U ′k since they are real analytic
functions on Uk . By comparing with the expression above,
∂2f
c,h
∂yk,i∂yk,j
= ak,ij rk,irk,j
cos(θk,i − θk,j ) =
bk,ij rk,irk,j
sin(θk,i − θk,j ) .
Thus
∣∣∣∣ ∂2f
c,h∂yk,i∂yk,j
∣∣∣∣√2 max{|ak,ij |, |bk,ij |} · rk,irk,j .
The right hand side is bounded on U ′k , and therefore
∂2f
c,h
∂yk,i ∂yk,j
is bounded on U ′k , for any i, j .
Moreover,
∂3f
c,h
∂yk,i∂yk,j ∂yk,l
= 1
cos(θk,i − θk,j )
∂(ak,ij rk,irk,j )
∂yk,l
= 1
sin(θk,i − θk,j )
∂(bk,ij rk,irk,j )
∂yk,l
also implies that on U ′k the derivatives
∂3f
c,h
∂yk,i ∂yk,j ∂yk,l
are bounded since ∂(ak,ij rk,i rk,j )
∂yk,l
and
∂(bk,ij rk,i rk,j )
∂yk,l
are bounded on U ′k .
There exist constants (Ckij ), k = 1, . . . , v, such that
∂2f
c,h
∂yi∂yj
=
∑
a,b
CkiaC
k
jb
∂2f
c,h
∂yk,a∂yk,b
; ∂
3f
c,h
∂yi∂yj ∂yl
=
∑
a,b,c
CkiaC
k
jbC
k
lc
∂3f
c,h
∂yk,a∂yk,b∂yk,c
.
Hence there is Mk such that | ∂2fh∂yi∂yj | <Mk and |
∂3fh
∂yi∂yj ∂yl
| <Nk on U ′k for any i, j . By construc-
tion
⋃v
k=1 U ′k =XΣ . It follows that for M = maxMk and N = maxNk , we have the inequalities
∣∣∣∣ ∂2f
c,h∂yi∂yj
∣∣∣∣<M;
∣∣∣∣ ∂3f
c,h∂yi∂yj ∂yl
∣∣∣∣<N,
for any i, j .
To show (1), let p = (x0, y0) be any point in L
c,h. Let ξ = (ξ1, . . . , ξn) be a unit vector in NR,
and yt = y0 + tξ . Set pt = (xt , yt ) ∈ L
c,h where xt = Φ
c,h ◦ j0(yt ). Near p the Taylor theorem
gives
xt = x0 + tA+ t2B
(
t ′
)
,
where A,B are in MR with each component
Ai =
n∑
ξj
∂2f
∂yi∂yj
(y0), Bi =
n∑
ξj ξl
∂3f
∂yi∂yj ∂yl
(xt ′),j=1 j,l=1
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|A|< nM and |B|< n2N2, there exists a ρ > 0 such that for any direction ξ , d(p,pt ) increases
as long as 0 < t < ρ. Hence the set {p′ ∈ L
c,h: d(p,p′) < ρ} ⊂ {p′ ∈ L
c,h: dNR(p,p′) < ρ} is a
star-set, and it is contractible.
For any p1 = (x1, y1),p2 = (x2, y2) ∈ L
c,h,
dL
c,h (p1,p2)
∫
ly1,y2
√
1 + nM2 dξ =
√
1 + nM2 dNR(y1, y2)
√
1 + nM2 d(p1,p2),
where dξ is the standard measure on the segment ly1,y2 from y1 to y2 in NR. This shows (2). 
Remark 5.2. In [27], a new metric gcon, which is the metric of a cone over the spherical bundle
S∗MR near the infinity, is introduced in order to ensure a tame perturbation for any standard
Lagrangian. It is no longer needed here since our T-dual Lagrangians are already tame in the
usual Sasaki metric. Moreover, we only consider standard or costandard Lagrangians over con-
vex polytopes, which are also tame in the Sasaki metric. Any convex polytope is prescribed by
a collection of linear functions fi  0 for i = 1, . . . , k. The standard Lagrangian over it can
be written as the graph of d logm1 + · · · + d logmk , where mi is a piecewise linear function
on MR which is fi on the half-plane {fi  0} and zero otherwise. The tameness of this standard
Lagrangian follows from the tameness of each d logmi .
From now on, we assume that L
c is an equivariant ample line bundle and ωh is symplectic.
Lemma 5.3 (Compact horizontal support and brane structure). L−
c,h−1 and L
c,h are horizon-
tally compact Lagrangians inside T ∗MR, and have canonical brane structures.
Proof. Horizontal compactness is immediate, as 
c and −
c are bounded. Recall that a brane
structure is a relative pin structure and a choice of grading (see [29] as quoted in [27]). Since
L−
c,h−1 is the graph of a differential df ∗−
c,h−1 , for f
∗
−
c,h−1 : ◦−
c → R (see Section 4.3), it is
Hamiltonian isotopic to the zero section.7 Since ◦−
c ⊂ 0T ∗MR is a contractible subset of the zero
section, it has trivial pin structure and can be given the zero grading. The same goes for L
c,h. 
We use the notation of Section 2.4. Given a cone τ ∈ Σ , define Uτ,±
c = ±Φ
c,h(O+τ ) =
±Φ
c,h(X) ⊂ ±
c , where O+τ is defined in Section 2.4, and define Fτ,± to be the closures
of Uτ,±
c in MR. Then
Uτ,
c =
{
m ∈
c
∣∣ 〈m,vi〉 = −ci ⇔ vi ∈ τ}
= {m ∈MR ∣∣ 〈m,vi〉 = −ci (resp. >−ci) if vi ∈ τ (resp. /∈ τ)},
Fτ,
c =
{
m ∈
c
∣∣ 〈m,vi〉 = −ci if vi ∈ τ}
= {m ∈MR ∣∣ 〈m,vi〉 = −ci (resp.−ci) if vi ∈ τ (resp. /∈ τ)}.
7 The isotopy is achieved by the Hamiltonian flow of the function H = f ∗−
c,h−1 ◦ π , which takes L−
c,h−1 to
(1 − t)L −1 in time t . The subset ◦ of the zero section is the image of time-one flow.−
c,h −
c
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c are contractible open subsets of an affine subspace of MR, and
U{0},±
c =◦±
c, F{0},±
c =±
c.
We have a stratification
±
c =
⋃
τ∈Σ
Uτ,±
c.
Given a d-dimensional cone τ ∈Σ , Fτ,±
c is an (n− d)-dimensional face of the convex poly-
tope ±
c ⊂MR, and has the further stratification
Fτ,±
c =
⋃
τ⊂σ
Uσ,±
c.
Let Nτ be the rank d sublattice of N generated by τ ∩ N , and let (Nτ )R = Nτ ⊗ R ∼= Rd . Let
w1, . . . ,wd be defined as in Section 2.4, so that
τ =
{
d∑
j=1
rjwj
∣∣∣ rj  0
}
, (Nτ )R =
{
d∑
j=1
rjwj
∣∣∣ rj ∈ R
}
.
The conormal bundle of Uτ,±
c ⊂MR is
T ∗Uτ,±
cMR = Uτ,±
c × (Nτ )R ⊂MR ×NR = T ∗MR.
Its closure is the conormal bundle of Fτ,±
c:
T ∗Fτ,±
cMR = Fτ,±
c × (Nτ )R.
Let Σ ′ =⋃d>0 Σ(d), so that Σ = {{0}} ∪Σ ′. Define a conical Lagrangian Λ±
c ⊂ T ∗MR by
Λ±
c := U{0},±
c × {0} ∪
⋃
τ∈Σ ′
Uτ,±
c ×
(−τ ◦)= ⋃
τ∈Σ
Fτ,±
c × (−τ).
Each Fτ,±
c × (−τ) is a closed subanalytic subset of T ∗MR. Note that
Λ±
c ⊂ΛΣ.
Let ι : T ∗MR →D∗MR be defined as in (12). Define
L∞±
c,h±1 := ι(L±
c,h±1)∩ T ∞MR, Λ∞±
c := ι(Λ±
c)∩ T ∞MR.
Then
Λ∞±
c =
⋃
τ∈Σ ′
Uτ,±
c ×
((−τ ◦)∩ S(NR))= ⋃
τ∈Σ ′
Fτ,±
c ×
(
(−τ)∩ S(NR)
)
where S(NR)= {y ∈NR | |y|N = 1} ∼= Sn−1.R
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analytic-geometric categories.)
Definition 5.4. Define f : R → (−1,1) by
f (t)=
⎧⎨
⎩
e−1/t , t > 0,
0, t = 0,
−e1/t , t < 0.
(27)
Let C be the smallest analytic-geometric category such that f is a C-map.
Remark 5.5. Let f be defined by (27). Then f is C∞ on R, is real analytic on R \ {0},
and is a homeomorphism from R to (−1,1). So f−1 : (−1,1) → R is a C-map, and f is a
C-isomorphism.
Proposition 5.6. L∞−
c,h−1 = Λ∞−
c, and ι(L−
c,h−1) ⊂ D∗MR = T ∗MR is a C-set, where C is the
analytic-geometric category defined in Definition 5.4.
Proof. The proof is given in Section A.2. 
Corollary 5.7 (T-dual Lagrangians are branes). T-dual Lagrangians from anti-ample equivariant
line bundles are branes. That is, L−
c,h−1 defines an object of Fuk(T ∗MR;ΛΣ).
Proof. First, we put the trivial vector bundle on L−
c,h−1 . The existence of tame perturbations
follows from Proposition 5.1 since one may choose the constant “perturbation”. The remaining
conditions on branes are assured by Lemmas 5.3 and 5.6. 
Since the involution β :MR×NR →MR×NR given by (x, y) → (−x, y) is a C-isomorphism
such that β(ΛΣ)=ΛΣ , and the tameness is obviously preserved, we have the immediate corol-
lary:
Corollary 5.8. T-dual Lagrangians from ample line bundles are branes: L
c,h defines an object
of Fuk(T ∗MR;ΛΣ).
5.2. T-dual Lagrangians of ample bundles are costandard branes
Having shown L−
c,h−1 is a brane, we now relate it to the standard brane associated to ◦−
c .
The key is to study normalized geodesic flow at infinity, which controls the hom spaces of
Lagrangians which intersect at infinity. The symplectomorphism of inversion on the fibers in-
tertwines with Verdier duality of constructible sheaves under microlocalization [25]. We use this
fact to relate L
c,h to the costandard brane on the set ◦
c .
5.2.1. Normalized geodesic flow
Let {e∗i }, {ej } be dual orthonormal bases on M and N , respectively (as in Section 3.2), and
let xi , yj be associated real coordinates. We can equate ej with dxj , so (x, y) = (∑i xie∗i ,∑
yjdxj ) ∈ MR × NR = T ∗MR. The inner product on NR induces a linear isomorphismj
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y∗ = I (y).
Given a vector space V , let V ′ = V \ {0}; given a vector bundle E, let E′ denote the comple-
ment of the zero section. The normalized geodesic flow on (T ∗MR)′ ∼= (TMR)′ is given by
γt :
(
T ∗MR
)′ ∼=MR ×N ′R → (T ∗MR)′ ∼=MR ×N ′R,
γt (x, y)=
(
x + ty
∗
|y∗|MR
, y
)
,
where |y∗|MR = |y|NR because y → y∗ is an isometry from NR to MR.
Let L
c be an ample line bundle, and let h, Φh, −
c , L−
c,h−1 , etc. be defined as in Section 4.3.
Let q ∈ ∂−
c ⊂ MR be a boundary point of the polytope. We consider the following two La-
grangians in T ∗MR ∼=MR ×NR:
Lq =
{
(q, y)
∣∣ y ∈NR}⊂MR ×NR,
L−
c,h−1 =
{(−Φh ◦ j0(y), y) ∣∣ y ∈NR}⊂MR ×NR.
Let L′q = (T ∗MR)′ ∩Lq , and let L′−
c,h−1 = (T ∗MR)′ ∩L−
c,h−1 . Then
γt
(
L′q
)= {(q + ty∗|y∗|MR , y
) ∣∣∣ y ∈N ′R
}
⊂MR ×N ′R,
γt
(
L′−
c,h−1
)= {(−Φh ◦ j0(y)+ ty∗|y∗|MR , y
) ∣∣∣ y ∈N ′R
}
⊂MR ×N ′R.
Note that (x, y) ∈ γt1(Lq)∩ γt2(L−
c,h−1) if and only if
y ∈N ′
R
, q +Φh ◦ j0(y)= (t2 − t1)y
∗
|y∗|MR
. (28)
Lemma 5.9. Given any q ∈ ∂−
c , there exists δ > 0 such that
0 t1  t2 < δ ⇒ γt1
(
L′q
)∩ γt2(L′−
c,h−1)= ∅.
Proof. We use the notation in Section 5.1.
−
c =
⋃
τ∈Σ
Uτ,−
c.
The right hand side is a disjoint union. Let Σ(d) be the set of d-dimensional cones in Σ .
Step 1. q ∈ ∂−
c , so there exist a unique d > 0 and a unique τ ∈Σ(d) such that q ∈ Uτ,−
c =
−Φh(O+τ ). There exists a unique x ∈ O+τ ⊂ (XΣ)0 such that −Φh(x)= q .
There exists σ ∈ Σ(n) such that τ ⊂ σ . Let wj be defined as in the proof of Proposition 5.6
(see Section A.2), so
τ = {r1w1 + · · · + rdwd | rj  0}, σ = {r1w1 + · · · + rnwn | rj  0}.
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∨
j , j = 1, . . . , n. There
exist bd+1, . . . , bn ∈ R such that the coordinates of x ∈Uσ are given by
Z1 = · · · = Zd = 0, Zd+1 = ebd+1 , . . . ,Zn = ebn .
Step 2. For any r > 0, define
Sr =
{
r1w1 + · · · + rnwn
∣∣ ri ∈ (−r, r)}, Br = {y ∈NR ∣∣ |y|NR < r}.
There exists c ∈ (0,1) such that for all r > 0,
Bcr ⊂ Sr ⊂ Bc−1r .
Let R = max{|bd+1|, . . . , |bn|} + 1. Note that x is contained in (see Section 2.4 for definitions)
X+τ :=Xτ ∩ (XΣ)0 ∼= [0,∞)d ×
(
R+
)n−d
which is an open set in (XΣ)0. A neighborhood of x in X+τ is given by
U = {(Z1, . . . ,Zn) ∣∣Z1, . . . ,Zd ∈ [0, e−2c−2R), Zd+1, . . . ,Zn ∈ (e−R, eR)}.
Recall that j0 :NR →Uσ is given by ∑nj=1 rjwj → (er1, . . . , ern), so
j−10 (U)=
{
r1w1 + · · · + rnwn
∣∣ r1, . . . , rd <−2c−2R, rd+1, . . . , rn ∈ (−R,R)}
∼= (−∞,−2c−2R)d × (−R,R)n−d .
Step 3. −Φh maps X+τ homeomorphically to −Φh(X+τ ), so there exists δ > 0 such that
B(q, δ) := {m ∈MR | |m− q|MR < δ} ⊂ −Φh(U).
Claim: For any y ∈N ′
R
and 0 t1  t2 < δ, (28) does not hold. Therefore,
γt1
(
L′q
)∩ γt2(L′−
c,h−1)= ∅.
Case 1. j0(y) /∈U . Then −Φh ◦ j0(y) /∈ B(q, δ), so∣∣q +Φh ◦ j0(y)∣∣MR = ∣∣−Φh ◦ j0(y)− q∣∣MR  δ.
On the other hand ∣∣∣∣ (t2 − t1)y∗|y∗|MR
∣∣∣∣= t2 − t1 < δ.
So
q +Φh ◦ j0(y) = (t2 − t1)y
∗
∗ .|y |MR
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y = r1w1 + · · · + rnwn, r1, . . . , rd <−2c−2R, rd+1, . . . , rn ∈ (−R,R).
Let y1 = r1w1 + · · · + rdwd and y2 = rd+1wd+1 + · · · rnwn. Then
y = y1 + y2, y1 ∈NR \ S2c−2R ⊂NR \B2c−1R, y2 ∈ SR ⊂ Bc−1R.
Therefore,
|y1|NR > 2c−1R > c−1R > |y2|NR .
Let (v1, v2)NR denote the inner product on NR, so that
(ei, ej )NR = δij ,
〈
v∗1 , v2
〉= (v1, v2)NR .
Then 〈
(t2 − t1)y∗
|y∗|MR
, y1
〉
= t2 − t1|y∗|MR
(y1 + y2, y1)NR
where t2 − t1  0, and
(y1 + y2, y1)NR = |y1|2NR + (y2, y1)NR  |y1|2NR − |y2|NR |y1|NR
= |y1|NR
(|y1|NR − |y2|NR)> 0.
So 〈
(t2 − t1)y∗
|y∗|MR
, y1
〉
 0. (29)
On the other hand,
〈
q +Φh ◦ j0(y), y1
〉= d∑
j=1
rj
〈
q +Φh ◦ j0(y),wj
〉
. (30)
Let wj = vi(j). Since q ∈ Uτ,−
c and −Φh ◦ j0(y) ∈◦−
c , for j = 1, . . . , d ,
〈q,wj 〉 = ci(j),
〈−Φh ◦ j0(y),wj 〉< ci(j).
So we have
〈
q +Φh ◦ j0(y),wj
〉
> 0, rj <−2c−1R < 0, (31)
Eqs. (30) and (31) imply
〈
q +Φh ◦ j0(y), y1
〉
< 0. (32)
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q +Φh ◦ j0(y) = (t2 − t1)y
∗
|y∗|MR
. 
5.2.2. Lagrangians from anti-ample line bundles are standard branes
We now show that L−
c,h−1 is isomorphic to the standard Lagrangian brane over ◦−
c, and that
L
c,h is isomorphic to the costandard brane over ◦
c .
Theorem 5.10. Let μ : Shcc(MR;ΛΣ) → Fuk(T ∗MR;ΛΣ) be the microlocalization quasi-
embedding of Theorem 3.4. Then L−
c,h−1 ∼= μ(i∗C◦−
c ), and L
c,h ∼= μ(i!ω◦
c ).
Proof. We show L−
c,h−1 ∼= μ(i∗C◦−
c ) by proving, following [25], that the two objects define
isomorphic modules under the Yoneda embedding
Y : DFuk(T ∗MR)→ mod(DFuk(T ∗MR)), Y(L)= homDFuk(T ∗MR)(−,L).
To prove that Y(L−
c,h−1) ∼= Y(μ(i∗C◦−
c )), we first fix a triangulation T of MR containing{Uτ,−
c | τ ∈ Σ} (recall U{0},−
c = ◦−
c). The technique of [25] exploits the triangulation to re-
solve the diagonal standard, i.e. the identity functor. What emerges is that the Yoneda module of
any object Y(L) is expressed in terms of (sums and cones of shifts of) Yoneda modules from stan-
dards, Y(μ(i∗CT )), where T ∈ T . The coefficient of the Yoneda standard module Y(μ(i∗CT )),
takes the form homDFuk(T ∗MR)(L{t}∗,L), where t is any point in T (contractibility of T means
that the choice is irrelevant up to isomorphism)—see Remark 4.5.1 of [25].
We now apply this to L = L−
c,h−1 . First consider the case T = ◦−
c, and let t ∈ T .
Then if T ∩ −
c = ∅, clearly homDFuk(T ∗MR)(L{t}∗,L−
c,h−1) = 0, since L{t}∗ is just the fiber
T ∗t MR. Otherwise, if T ∩ ∂ is nonempty, then Proposition 5.9 ensures us that
homDFuk(T ∗MR)(L{t}∗,L−
c,h−1) = 0. Finally, if T = ◦−
c, then since L−
c,h−1 is a graph over T ,
we have homDFuk(T ∗MR)(L{t}∗,L−
c,h−1) = C. Therefore, L−
c,h−1 ∼= μ(i∗C◦−
c ), and the first
statement is proved. Note that the result is independent of how T was chosen.
The map α : (x, y) → (x,−y) gives rise to a duality functor (still denoted by α)
α : Fuk(T ∗MR)◦ → Fuk(T ∗MR).
The functor α sends a Lagrangian brane L to α(L). It is proved in Section 5.1 of [25] (Proposi-
tion 5.1.1) that there is a functor quasi-isomorphism
μ ◦ D ∼= α ◦μ : Shcc(MR)→ TrFuk
(
T ∗MR
)
.
Define another functor ν : Fuk(T ∗MR)→ Fuk(T ∗MR) given by the map
MR ×NR →MR ×NR, (x, y) → (−x,−y).
The functor ν maps any standard brane L(U) over the submanifold U ↪→ MR to the standard
brane L(−U) over −U . Let R be the induced push-forward on Shc(MR) given by the map
x → −x. It is obvious that there is an isomorphism of functors:
μ ◦ R ∼= ν ◦μ : Shc(MR)→ TrFuk
(
T ∗MR
)
.
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c,h−1 ∼= μ(i∗C◦−
c ) gives rise to
ν(L−
c,h−1)∼= ν
(
μ(i∗C◦−
c )
)∼= μ(R(i∗C◦−
c ))∼= μ(i∗C◦
c ).
The quasi-isomorphism μ ◦ D ∼= α ◦μ induces
α
(
ν(L−
c,h−1)
)∼= α(μ(i∗C◦
c ))∼= μ(D(i∗C◦
c ))∼= μ(i!ω◦
c ).
It is easy to see that α(ν(L−
c,h−1))= L
c,h. Therefore we have
L
c,h ∼= μ(i!ω◦
c ). 
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Appendix A. Review of geometric categories and proof of Proposition 5.6
A.1. Review of analytic-geometric categories
We recall definitions and basic properties from [36].
Definition A.1 (Analytic-geometric category). We say that an analytic-geometric category C is
given if each manifold X is equipped with a collection C(X) of subsets of X such that the
following conditions are satisfied for all manifolds X and Y :
AG1. C(X) is a Boolean algebra of subsets of X, with X ∈ C(M).
AG2. If A ∈ C(X), then A×R ⊂ C(X ×R).
AG3. If f :X → Y is a proper analytic map and A ∈ C(X), then f (A) ∈ C(Y ).
AG4. If A⊂X, and (Ui) is an open covering of X (i in some index set I ), then A ∈ C(X) if and
only if A∩Ui ∈ C(Ui) for all i ∈ I .
AG5. Every bounded set in C(R) has finite boundary.
It is proved in [36, Appendix D] that this indeed gives rise to a category C. An object of C is
a pair (A,X) with X a manifold and A ∈ C(X). A morphism (A,X) → (B,Y ) is a continuous
map f :A→ B whose graph
Γf =
{(
a,f (a)
) ∣∣ a ∈A}⊂A×B
belongs to C(X × Y). We usually refer to an object (A,X) of C as the C-set A in X, or even just
the C-set A if its ambient manifold is clear from context. Similarly, a morphism f : (A,X) →
(B,Y ) is called a C-map f :A→ B if X and Y are clear from context.
The following basic properties are proved in [36, Appendix D].
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C(Y ).
(1) Every analytic map f :X → Y is a C-map.
(2) Given an open covering (Ui) of X, a map f :A→ Y is a C-map if and only if each restriction
f |Ui∩A :Ui ∩A→ Y is a C-map.
(3) A×B ∈ C(X × Y), and the projections A×B →A and A×B → B are C-maps.
(4) If f :A→ Y is a proper C-map and Z ⊂A is a C-set, then f (Z) ∈ C(Y ).
(5) If A is closed in X and f :A→ Y is a C-map, then f−1(B) ∈ C(X).
(6) If B1, . . . ,Bk are C-sets (in possibly different manifolds), then a map
f = (f1, . . . , fk) :A→ B1 × · · · ×Bk
is a C-map if and only if each fi :A→ Bi is a C-map.
(7) cl(A), int(A) ∈ C(X).
Corollary A.3. Assume f :X → Y is a C-map which is also a homeomorphism. Then
(1) f−1 : Y →X is a C-map.
(2) For any subset A⊂X, A ∈ C(X)⇔ f (A) ∈ C(Y ).
A.2. Proof of Proposition 5.6
Proof. By (7) of Theorem A.2, it suffices to prove that
(1a) ι(L−
c,h−1) ∈ C(D∗MR),
(1b) L∞−
c,h−1 =Λ∞−
c.
Let
B(NR)=
{
y ∈NR
∣∣ |y|NR < 1},
B(NR)=
{
y ∈NR
∣∣ |y|NR  1}= B(NR)∪ S(NR).
Define
F :XΣ ×B(NR)→MR ×B(NR)=D∗MR, (x, y) →
(−Φh(x), y).
Then F is a proper real analytic map. Let
L=
{
(x, y) ∈XΣ ×B(NR)
∣∣∣ x = j0
(
y√
1 − |y|2NR
)}
.
Let L be the closure of L in B(NR), and let L∞ = L∩ (XΣ × S(NR)). By (4) of Theorem A.2,
it suffices to prove that
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(2b) L∞ =⋃τ∈Σ ′ O+τ × ((−τ ◦)∩ S(NR)).
Recall that Xσ ∼= Cn for σ ∈ Σ(n), and {Xσ | σ ∈ Σ(n)} is an open cover of XΣ . By AG4 of
Definition A.1, it suffices to prove that, for any σ ∈Σ(n),
(3a) L∩ (Xσ ×B(NR)) ∈ C(Xσ ×B(NR)),
(3b) L∞ ∩ (Xσ ×B(NR)) =⋃τ∈Σ ′,τ⊂σ O+τ × ((−τ ◦)∩ S(NR)).
Given σ ∈Σ(n), there exists a Z-basis {w1, . . . ,wn} of N such that
{w, . . . ,wn} ⊂ {v1, . . . , vr},
σ = {r1w1 + · · · + rnwn | rj  0}.
Let {w∨1 , . . . ,w∨n } be the dual Z-basis of M , so that
σ∨ = {s1w∨1 + · · · + snw∨n ∣∣ sj  0}.
We have
C
[
σ∨ ∩M]= C[χw∨1 , . . . , χw∨n ].
Let Zj = χw∨j . Then Z1, . . . ,Zn are holomorphic coordinates of
Xσ = SpecC
[
σ∨ ∩M]∼= Cn.
The image of j0 :NR →XΣ is contained in Xσ , and j0 is given by
y → (e〈w∨1 ,y〉, . . . , e〈w∨n ,y〉),
or equivalently,
n∑
j=1
yjwj →
(
ey1 , . . . , eyn
)
.
Let ( , )NR denote the inner product on NR, and let gij = (wi,wj )NR . Define Q : Rn → R by
Q(y1, . . . , yn)
def=
∣∣∣∣∣
n∑
j=1
yjwj
∣∣∣∣∣
2
NR
=
n∑
j,k=1
gjkyjyk.
Define
B = {y ∈ Rn ∣∣Q(y) 1}, S = {y ∈ Rn ∣∣Q(y)= 1}.
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ψ : Rn ×B −→Xσ ×B(NR), (x, y) →
(
x,
n∑
j=1
yjwj
)
where x = (x1, . . . , xn) and y = (y1, . . . , yn). Then ψ is an injective, proper, real analytic map.
Define
L1 :=ψ−1(L)=
{
(x, y) ∈ Rn ×B
∣∣∣Q(y) < 1, xi = exp
(
yi√
1 −Q(y)
)}
=
{
(x, y) ∈ Rn ×B
∣∣∣Q(y) < 1, xj > 0, yilogxi =
√
1 −Q(y)
}
.
Let L1 be the closure of L1 in Rn ×B , and let L∞1 = L1 ∩ (Rn × S). Then
ψ(L1)= L, ψ(L1)= L, ψ
(
L∞1
)= L∞.
So it suffices to prove that
(4a) L1 ∈ C(Rn ×B),
(4b) L∞1 = {(x, y) ∈ Rn × S | yj  0, xj  0, x1y1 = · · · = xnyn = 0}.
Given any subset I ⊂ {1,2, . . . , n}, define
UI =
{
(x1, . . . , xn)
∣∣∣ |xi |< 1 for i ∈ I, |xi |> 12 for i /∈ I
}
.
Then {UI | I ⊂ {1, . . . , n}} is an open cover of Rn, and {UI × B | I ⊂ {1, . . . , n}} is an open
cover of Rn ×B . By AG4 of Definition A.1, it suffices to prove that, for any I ⊂ {1, . . . , n},
(5a) L1 ∩ (UI ×B) ∈ C(UI ×B).
(5b)
L∞1 ∩ (UI ×B)=
{
(x, y) ∈UI × S
∣∣ xj  0 for j = 1, . . . , n
yi  0 and xiyi = 0 for i ∈ I, yi = 0 for i /∈ I
}
.
Without of loss of generality, we assume that I = {1,2, . . . , d}, where 0 d  n. (In particu-
lar, I is empty when d = 0.) The other cases can be obtained by permutations of {1, . . . , n}.
Let J = (−∞,−1/2)∪ (1/2,∞). Then UI = (−1,1)d × Jn−d . Define
φ : Rd × Jn−d ×B −→UI ×B,(
(t1, . . . , td), (xd+1, . . . , xn), y
) → ((f (t1), . . . , f (td)), (xd+1, . . . , xn), y).
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that
φ−1
(
L1 ∩ (UI ×B)
) ∈ C(Rd × Jn−d ×B).
We will prove that
φ−1
(
L1 ∩ (UI ×B)
) ∈ Can(Rd × Jn−d ×B).
We have
φ−1
(
L1 ∩ (UI ×B)
)
=
{(
(t1, . . . , td ), (xd+1, . . . , xn), y
) ∈ Rd × Jn−d ×B ∣∣∣ ti > 0, xi > 12 , Q(y) < 1,√
1 −Q(y)= −tiyi , 1 i  d; logxi
√
1 −Q(y)= yi, d + 1 i  n
}
=
{(
(t1, . . . , td ), (xd+1, . . . , xn), y
) ∈ Rd × Jn−d ×B ∣∣∣ ti > 0, xi > 12 ,
y1, . . . , yd < 0, (logxd+1)yd+1, . . . , (logxn)yn  0, Q(y) < 1
1 −Q(y)= t2i y2i , 1 i  d; (logxi)2
(
1 −Q(y))= y2i , d + 1 i  n
}
φ−1(L1 ∩ (UI ×B)) is defined by equalities and inequalities of real analytic functions, so
φ−1
(
L1 ∩ (UI ×B)
) ∈ Can(Rd × Jn−d ×B).
This proves (5a).
Note that
φ−1
(
L1 ∩ (UI ×B)
)
=
{(
(t1, . . . , td ), (xd+1, . . . , xn), y
) ∈ Rd × Jn−d ×B ∣∣∣ ti  0, xi > 12 ,
y1, . . . , yd  0, (logxd+1)yd+1, . . . , (logxn)yn  0,
1 −Q(y)= t2i y2i , 1 i  d; (logxi)2
(
1 −Q(y))= y2i , d + 1 i  n
}
which is a Can-set in Rd × Jn,d ×B .
φ−1
(
L∞1 ∩ (UI ×B)
)
=
{(
(t1, . . . , td), (xd+1, . . . , xn), y
) ∈ Rd × Jn−d × S ∣∣∣ ti  0, xi > 12 ,
y1, . . . , yd  0, tiyi = 0, 1 i  d; yi = 0, d + 1 i  n
}
.
This proves (5b). 
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The Lagrangians that generate our Fukaya category are T-dual to equivariant ample line bun-
dles. In this section we will show that such line bundles also generate the category of equivariant
coherent sheaves. The theorem we are after is a slight generalization of a theorem of Seidel:
Theorem B.1 (Seidel). If X is smooth and projective, then PerfT (X) is generated by line bundles.
Proof. The proof of [2, Proposition 1.3] shows that Perf(X) is generated by line bundles.
The same proof works in the T -equivariant setting, by the following observation. Given a
T -equivariant coherent sheaf F , there exists a T -equivariant ample line bundle L such that the
underlying nonequivariant coherent sheaf F ⊗ L is generated by global sections. The T -action
on F ⊗L induces a T -action on H 0(X,F ⊗L). There exist a basis s1, . . . , sN of H 0(X,F ⊗L)
and characters χ1, . . . , χN ∈ Hom(T ,C∗) such that t · si = χi(t)si for all t ∈ T . Then s1, . . . , sN
defines a surjective morphism ⊕Ni=1 L−1 ⊗ OX(χi) → F of T -equivariant coherent sheaves,
where OX(χi) is the structure sheaf equipped with the T -equivariant structure given by the char-
acter χi . 
The stronger version we prove is the following:
Theorem B.2. If X is smooth and projective, then PerfT (X) is generated by T -equivariant ample
line bundles.
Proof. Let A be the full triangulated dg subcategory of PerfT (X) generated by T -equivariant
ample line bundles. We need to show that A = PerfT (X). We may see that A is a full, dense
triangulated subcategory of PerfT (X) by the same argument used in the proof of Theorem B.1
given in [2]. (Recall that a triangulated subcategory is called dense if every object is a direct
summand of an object in the subcategory.)
Now by [32, Theorem 2.1], to show that A = PerfT (X) it suffices to show that the subgroup
K(A) of K(PerfT (X)) = KT (X) is equal to KT (X). We will show that KT (X) is additively
generated by T -equivariant ample line bundles.
Let r = |Σ(1)| be the number of 1-dimensional cones, and let v = |Σ(n)| be the num-
ber of maximal cones, which is also equal to the number of T -fixed points in X. Then r =
rankZPicT (X).
Step 1. Claim: There exists a Z-basis {L1, . . . ,Lr} of (PicT (X),⊗) such that L1, . . . ,Lr are
T -equivariant ample line bundles.
There exists a primitive ample class α ∈ H 1,1(X;Z). Let M1 be a T -equivariant line bundle
with c1(M1) = α. There exist T -equivariant line bundles M2, . . . ,Mr such that {M1, . . . ,Mr}
is a Z-basis of (PicT (X),⊗). There exist positive integers n2, . . . , nr such that Mi ⊗ M⊗ni1 are
ample, i = 2, . . . , r . Let
L1 =M1, Li =Mi ⊗M⊗ni1 for i = 2, . . . , r.
Then {L1, . . . ,Lr} is the desired Z-basis of (PicT (X),⊗).
Step 2. Let ei = (c1)T (Li) ∈ H 2T (X;Z). Let x1, . . . , xv be the T -fixed points of X, and let
j : xj →X be the inclusion. Let
uij = ∗ei ∈H 2(xj ;Z)∼=M.j T
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Therefore we may view uij ∈ M as elements in H 2T (X;Z). The map ∗j ◦ r∗j : M → M is the
identity map. By localization, for i = 1, . . . , r , we have the following relation in H ∗T (X):
v∏
j=1
(ei − uij )= 0.
Let Vij be the T -equivariant line bundle with (c1)T (Vij ) = −uij . It is a T -equivariant lifting
of the trivial holomorphic line bundle OX . Define
yij = chT (Li ⊗ Vij )= eei−uij , i = 1, . . . , r, j = 1, . . . , v.
Then we have
v∏
j=1
(yij − 1)= 0 ∈H ∗T (X;Q), i = 1, . . . , r,
so
v∏
j=1
(Li ⊗ Vij − 1)= 0 ∈KT (X), i = 1, . . . , r. (33)
Step 3. By [24, Proposition 3], any element in KT (X) can be written as
∑
am1,...,mrL
⊗m1
1 ⊗ · · · ⊗L⊗mrr , (34)
where
(i) m1, . . . ,mr , am1,...,mr are integers, and
(ii) all but finitely many am1,...,mr are zero.
We may use (33) to rewrite (34) as
∑
bm1,...,mrL
⊗m1
1 ⊗ · · · ⊗L⊗mrr , (35)
where
(i)′ m1, . . . ,mr ∈ {1,2, . . . , v} (in particular, the sum is finite), and
(ii)′ bm1,...,mr ∈ Z[M], the representation ring of T .
Note that (i)′ implies that, for any equivariant lifting V of the trivial holomorphic line bundle OX ,
V ⊗ L⊗m11 ⊗ · · · ⊗ L⊗mrr is ample. Therefore KT (X) is additively generated by T -equivariant
ample line bundles. 
1908 B. Fang et al. / Advances in Mathematics 229 (2012) 1873–1911Fig. 2. The W -plane of Lagrangian A-branes in the mirror Landau–Ginzburg model of P2. The images of the Lagrangian
thimbles under the superpotential W are horizontal rays toward positive infinity, shown on the left. The images of the
T-dual Lagrangians (with respect to O(−1),O,O(1)) are shown on the right, which are the areas inside the curves. They
are “thickened” versions of Lagrangian thimbles. Dashed lines are coordinate axis.
Appendix C. Relation to other work
C.1. Seidel, Auroux, Katzarkov and Orlov
The homological mirror symmetry proofs of Seidel [28] and Auroux, Katzarkov and Orlov
[7,6], formulated in the Fukaya–Seidel version of the mirror, make use of the fact that the mir-
ror categories are generated by a finite collection of objects (Lagrangian thimbles). Studying the
images of a generating set (such as O(−1), O, O(1) for P2) in different formulations of homo-
logical mirror symmetry leads to the conjecture that the thimbles are equivalent as objects to the
T-dual branes associated to these line bundles. More generally, one should search for a proof that
the dictionary between superpotential WΣ (see Section C.2) and microlocal condition ΛΣ leads
to an equivalence of categories.
Example (The projective plane P2). The mirror Landau–Ginzburg model of P2 is (C∗)2 together
with the superpotential W = z1 + z2 +1/z1z2. The three critical points are (1,1), (w,w), (w,w)
where w = − 12 +
√−3
2 , over the critical values 3,3w,3w respectively. The Fukaya–Seidel cate-
gory is a category of Lagrangian thimbles Ti together with directed perturbation when computing
morphisms. These infinite Lagrangian branes Ti are the clockwise labeled vanishing thimbles
over the positive-pointing rays λi starting from the critical values of W , parallel to the real axis.
The difference between T-dual costandard/standard Lagrangians branes in Fuk(T ∗T ∨
R
;ΛΣ) and
Lagrangian thimbles in FS((C∗)n,W) is illustrated in Fig. 2 by looking at their images under
the superpotential W . Indeed, the T-dual branes are very much like the vanishing thimbles in the
case of P2: their images under W also propagate from the critical values, but in a “thickened”
way.
C.2. Abouzaid
Abouzaid studies the Fukaya category of the Landau–Ginzburg model dual to the toric variety.
We will describe the construction in [2] in our notation. We use the notation of Section 2.4. XΣ is
an n-dimensional smooth projective toric variety defined by a smooth complete fan Σ ⊂ NR,
Σ(1) = {ρ1, . . . , ρr} is the set of 1-dimensional cones in Σ , and vi ∈ N is the generator of ρi ,
i = 1, . . . , r .
Let P ⊂NR be the convex hull of {v1, . . . , vr}. The Landau–Ginzburg model dual to XΣ is a
pair ((C∗)n,W), where W : (C∗)n → C is known as the superpotential. In our notation, W is a
holomorphic function on T ∨ =M⊗C∗, the complex dual to the torus T =N⊗C∗ acting on XΣ .
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superpotential W : T ∨ → C is a Laurent polynomial
W =
∑
α∈N
cαz
α, cα ∈ C
with the constraint
Newton(W) := {α | cα = 0} = P. (36)
Up to now, W depended only on the fan Σ . To apply tropical geometry, Abouzaid picks an
ample line bundle Lν on XΣ associated to a strictly convex piecewise linear function ν :NR → R
and defines a 1-parameter family of superpotentials (recall that ν takes integral values on the
lattice N ):
Wt =
∑
α∈N
cαt
−ν(α)zα, t ∈ C∗,
where {cα} are fixed constants satisfying (36). Therefore ((C∗)n,Wt) can be viewed as the dual
of the polarized toric variety (XΣ,Lν). Mt =W−1t (0) is a smooth hypersurface in (C∗)n.
We have
T ∨ ∼=M ⊗C∗ ∼= (MR/M)×MR ∼= T
(
T ∨
R
)
.
Under the isomorphism T ∨ ∼= C∗, the projection T ∨
R
×MR →MR gets identified with the loga-
rithm map Log : (C∗)n → Rn in tropical geometry:
Log(z1, . . . , zn)=
(
log |z1|, . . . , log |zn|
)
.
Let At := Log(Mt) be the amoeba of Mt . When XΣ is Fano, there is a unique bounded connected
component Qt of Rn − At . Abouzaid defines a pre-category of tropical Lagrangian sections
whose objects (Lagrangian branes) are sections of the restrictions of the logarithm moment map
to Qt ; these Lagrangian branes are compact n-dimensional submanifolds of T ∨R × MR with
boundary in Mt .
We will describe the relation between the tropical version of Abouzaid’s Lagrangian branes
(see [1, Section 3.3]) and ours. Let
Π = lim
t→∞
At
log t
⊂MR ∼= Rn
be the tropical amoeba, let Q⊂MR and M∞ ⊂ T (MR/M)∼= (C∗)n be the corresponding limits
of Qt and Mt as t → ∞. Then Q is a connected component of Rn − Π . Indeed, Q is the
moment polytope of the ample line bundle Lν . Let Φν :XΣ →MR be a moment map of Lν , and
let Ψν = Φν ◦ j0 : NR → MR. Define φν : MR ×NR → T ∨R ×MR by φν(x, y) = (p(x),Ψν(y)),
where p :MR →MR/M = T ∨R is the natural projection. Given any line bundle L
c over XΣ ,
Lν,
c,h := φν(L
c,h)=
{(
p ◦Ψ
c,h(y),Ψν(y)
) ∣∣ y ∈NR}⊂ T ∨R ×MR
is (in the equivalence class of) Abouzaid’s Lagrangian brane associated to the line bundle L
c.
1910 B. Fang et al. / Advances in Mathematics 229 (2012) 1873–1911Abouzaid defined a relative Fukaya category Fuk((C∗)n,M), where M is a fiber of W :
(C∗)→ C, and proved that L
c → Lν,
c,h defines a full embedding
DCoh(XΣ)→DπFuk
((
C∗
)n
,M
)
,
which is expected to be an equivalence when XΣ is Fano. So when XΣ is a smooth projective
Fano toric variety, it is natural to expect
DCoh(XΣ)∼= DFuk
(
T ∗T ∨
R
,ΛΣ
)∼=DπFuk((C∗)n,M), (37)
where the equivalences are given by L
c → L
c,h → Lν,
c,h.
Abouzaid’s work (as the authors understand it) is inspired in part by T-duality, but in it there is
not the emphasis (as there is here) that T-duality is the precise mechanism for mirror symmetry,
nor is there a connection to constructible sheaves.
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